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Introduction to Block C 


You met a formula for the 
gradient of a general 
quadratic function in 
Chapter B1. 


Block C is concerned with the subject of calculus. In mathematics, the 
word ‘calculus’ means ‘a systematic method for solving a certain type of 
problem’. But the word is most commonly used as a shorthand for the two 
related topics of differential calculus and integral calculus. ‘These topics 
were developed in the seventeenth century, and since then they have been 
key tools in many branches of mathematics, science and technology. 


Here are some examples of the types of problem that calculus can help us 
to solve. 


1. How can we find the shape of the graph of a function and, in 
particular, how can we locate the points where the function takes its 
maximum and minimum values? 


2. How can we find the area of the plane that lies under the graph of a 
function and above the z-axis, between two particular values on the 
x-axis? 

3. How can we approximate non-polynomial functions such as cos, In and 
arctan to suitable accuracy with polynomial functions? 


It turns out that these three apparently different problems have methods 
of solution that are closely related to each other, and these methods form 
the core topics of calculus. 


The first problem, about the shape of the graph of a function, is solved by 
using the process called differentiation, which enables us to find a formula 
for the gradient of the graph of the function. This topic is covered in 
Chapter Cl. 


The second problem, about the area under the graph of a function, is 
solved by using a process called integration, which is the opposite of 
differentiation, in a certain sense. This topic is covered in Chapter C2. 


The third problem about approximating non-polynomial functions by 
polynomial functions is solved in Chapter C3 by using both differentiation 
and integration. 


The history of the development of calculus in the seventeenth century is of 
considerable interest. The major figures involved were Sir Isaac Newton 
(1642-1727), in England, and Gottfried Wilhelm Leibniz (1646-1716), in 
Germany. But many other mathematicians played a role in the 
development, including Pierre de Fermat (1601-1665), in France. 


There is an optional video band on DVD00115, band C(i) ‘The birth of 
calculus’, associated with this historical development, which you can watch 
at any time during your study of Block C. 


Study guide 


There are five sections to this chapter. They are 
intended to be studied consecutively in five study 
sessions. 


Section 3 requires the use of an audio CD player, 
and Section 5 requires the use of the computer 
together with Computer Book C. 


The pattern of study for each session might be as 
follows. 


Study session 1: Section 1. 
Study session 2: Section 2. 
Study session 3: Section 3. 
Study session 4: Section 4. 
Study session 5: Section 5. 


Each session will require two to three hours, the 
longer ones being the second and third. 


The material in this chapter is self-contained. 
However, it is likely that you already have some 
familiarity with the following topics: 


© definition of the derivative of a function f, 
and its notations f’(x) and = where 
s 
y = f(z); 


differentiating basic functions; 


© 


© rules for differentiating sums, constant 
multiples, products, quotients and composites 
of functions; 


© stationary points, and the identification and 
location of local maxima and local minima of 
a function. 


These topics are in MST121 Chapter C1. 


The optional Video Band C(ii) ‘Algebra Workout 
— Differentiation’ could be viewed at any stage 
during your study of this chapter. 


Introduction 


This chapter is concerned with the process of finding the gradient of a 
graph of a function at a given point on the graph. The value of this 
gradient is called the derivative of the function at that point. By finding a 
formula for the derivative of a function and working with this, we can 
make useful deductions about the behaviour of the function. ‘The process 
of finding the derivative of a function is called differentiation. 


Section 1 defines differentiation, introducing various notations for the 
derivative, and obtains the derivatives of several important basic functions. 
Higher derivatives, arising from repeated differentiation, are also defined. 


Section 2 describes several rules for differentiating functions that can be 
recognised as sums, constant multiples, products, quotients, composites 
and inverses of other functions. These rules greatly extend the range of 
functions that can be differentiated. 


In Section 3 the process of differentiation is applied to help sketch the 
graphs of certain types of function, and a general graph-sketching strategy 
is given. 


Section 4 describes an important application of the derivative to the 
problem of finding approximate solutions to equations of the 
form f(x) = 0; this application is the so-called Newton—Raphson method. 


In Section 5 you will see that the computer can be used to carry out 
differentiation, and also to implement the Newton—Raphson method. 


1 Differentiation 


Earlier in the course you met a formula for the gradient of the graph of a —_ See Chapter B1, 


quadratic function at a point on the graph; that is, the gradient of the Subsection 2.1. 
tangent to the graph at the point. It was shown that for the general The tangent is the unique line 
quadratic function f(x) = ax? + bx +c, the gradient of the graph of that ‘touches’ the graph at 
y = f(x) at the point (z, f(xz)) on the graph is given by the formula the point. 
f' (x) = 2ax + b. (LA) 


For example, if f(x) = x”, then f’(x) = 2z, so the gradient of y = x? at the 
point (1,1), say, is f’(1) = 2, as illustrated in Figure 1.1. 


Tangent 
at (1,1) 
has gradient 


f(1) = 2. 


Figure 1.1 Graph of f(x) = 2? and its tangent at (1,1) 


In this section we find such ‘gradient formulas’ for a wide range of basic 
functions. 


1.1 Derivatives 


The notation f(z) is used generally to denote the gradient of the graph of 
a function f at the point (x, f(x)), whenever this gradient exists. For a 
given function f, we define f’(x) as follows. Let A(z, f(x)) and 

B(x +h, f(x +h)) be two points on the graph of y = f(x). The chord that 
joins these two points has gradient given by 


f(x +h) — f(z) 
1 
If A and B are nearby points, so that h is small, then the chord AB 
approximates the tangent at A, as shown in Figure 1.2 overleaf. 
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In Figure 1.2 we have h > 0, 
so x + h lies to the right of x. 
If h < 0, then x + h lies to 
the left of x, but the gradient 
of the chord is given by the 
same formula. 


Figure 1.2 A chord that approximates the tangent at A 


Now consider what happens as h becomes arbitrarily small, but remains 
non-zero. Then the point B approaches A and the gradient of the 
chord AB becomes arbitrarily close to the gradient of the tangent at A. 
Therefore this gradient f’(x) is defined by the limit 
_ (f(a th) — F(x) 
‘y= So 12 
lim f'(z) = lim (4 (1.2) 
as ‘the limit as h tends to 0’. We call f’(x) the derivative of f at x. The process of finding the 
derivative f’(x) of a function f is called differentiation. If f can be 
In this chapter, ‘smooth’ is differentiated at each point of its domain, then f is said to be smooth or 
usually used. differentiable. 


We read the expression 


The following example shows how to use the definition of the derivative. 


Example 1.1 Differentiation from the definition 


(a) Use equation (1.2) to differentiate the function f(x) = x*. 
(b) What is the gradient of the graph of y = 2* at the point (—2, 16)? 
Solution 
(a) To find f’(x), the derivative of f at x, we consider the quotient 
farbhy=fe) - @eapee 
h = h 
where / is a non-zero number. We need to find the limit of this 
See Chapter B1, quotient as h tends to 0. By the Binomial Theorem, 


Subsection 5.3. 
a (2 +h)* = 24 + 4r°h + 6a2h? + 4h? + hi, 


SO 


h h 
= 4x? + 62r7h + Arch? + h?. 


Now, as h tends to 0 each of the terms 6x°h, Arh? and h® tends to 0, so 
lim (40° + 627h + 4xh? +h?) = 42°. | (ia) 
Thus, by equation (1.2), the derivative of f at x is f’(x) = 42°. 


(b) For the point (—2,16) we have x = —2. Thus, by part (a), the gradient 
at (—2,16) is 


f'(—2) =4 «x (-2) = —32. 
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Comment 


In deducing equation (1.3), two unstated ‘rules’ for limits were used. These 
rules concern limits of functions which are ‘sums’ and ‘constant multiples’, 
and they can be stated informally as follows: 


lim(F+G)=limF+limG 
and 
lim(cF’) = clim F. 


Here F and G are functions and c is a constant. We often use such 
‘obvious’ rules when working with limits, but we shall not refer to them 
explicitly, nor to the rules for limits of functions which are ‘products’ or 
‘quotients’: 


lim( FG) = (lim F’)(lim G) 
and 


F lim F 
lim | — } = —— i 
m ( 5) im @ provided that lim G + 0 


In the following activity Ese are asked to use equation (1.2) to = 
the function f(x) = 1/x?, whose graph is shown in Figure 1.3. 


Activity 1.1 Differentiation from the definition 


Consider the function f(x) = 1/x? and suppose that x # 0. 
(a) Show that ifh #0 and x+h #0, then 
meee) —fix) —22—h 
h (a + h)?a? 
(b) Hence determine f’(x). 


(c) Calculate f’(2) and f’(—1), and sketch the corresponding tangents in 
Figure 1.3. 


Figure 1.3 Graph of f(x) =1/z? 


Solutions are given on page 52. 


The domain of the function 
f(x) = 1/2? is R except 0, by 
the domain convention (see 
Chapter B1, Subsection 1.1). 
This set is also the domain of 


f(z) =—-2/2°. 


Often the word ‘derivative’ is 
also used to refer to the 
‘derived function’. 


d 
The symbol = is a complete 


cy 
symbol, not a fraction, and is 
pronounced as ‘dee-y by 
dee-x’. 


This matches our previous 
definition of f’(x) in 
equation (1.2), with h 
replaced by dx and 

f(a +h) — f(x) replaced 
by dy. Note that dx and dy 
are complete symbols, not 
products. 


When ¢ represents time, the 
derivative f’(t) is sometimes 
written as s, which is an 
example of Newton’s 
notation. 
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The derivative of a function f defines a new function, denoted by f'; this 
function is called the derived function of f. For example, from 
Activity 1.1 it follows that the derived function of f(x) = 1/2? is 


2 

f(z)= = 

In practice, the domain of the derived function f’ of a function f consists 
of those points in the domain of f where the derivative of f exists. 


Leibniz notation 


There is another notation in common use for derivatives, due to Leibniz. If 
y is a dependent variable which is expressed as ‘a function of’ the 
independent variable x in the form y = f(x), then the derivative f’(zx) is 


written as °F For example, 


dx 


d 
if y= «*, then eee, 
dx 


Informally, ay is called ‘the derivative of y with respect to x’. This 
notation arises from the definition of the derivative given by Leibniz, which 
is 

dy = Jt oy 

dx 6-0 0x 
Here 6x denotes a small change in the variable x and dy denotes the 


corresponding change in the variable y. Thus the derivative can be 
interpreted as the instantaneous rate of change of y with respect to z. 


A useful variation of the Leibniz notation is 


d 
ay (2) to mean ff (2). 


When the derivative for a particular value of x is required, these notations 
can be adapted as follows: 


tah * (F(e)) 


a dx t= = dx T=a 
These notations apply also to other variables. For example, if s = f(t), 
then 


ds d 


— FrACACD) = f'(t). 


1.2 Some basic derivatives 


In this. subsection, the derivatives of various basic functions are obtained. 


Constant functions 


The graph of a constant function is horizontal, so the tangent at each 
point is horizontal; see Figure 1.4. 
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horizontal tangent 


Figure 1.4 Graph of f(x) =c 


Thus the gradient of this graph is 0 at all points. 


If f(x) =c, where cis a constant, then f’(x) = 0. 


Power functions 


You have seen several examples of the derivatives of power functions, 
which have the form f(x) = x”, where n 0; for example, 


ae), then f'(x) = 42°. 
The general rule for differentiating a power function is as follows. 


Here the domain of f depends 
on n; for example, if n = 4, 
then the domain is R, 
whereas if n = —i, then the 
domain is (0, co). 


= ae 
rz) = —==2 
fle) == 
the power is n = —3, SO 
1 
ES ee ee 
f (x) =—32 3 eee 


This example illustrates the fact that, although we usually avoid negative 
powers when displaying the rule of a function, such powers are needed 
when finding derivatives. 


Activity 1.2 Differentiating powers 


Differentiate each of the following functions. 


(a) fe)=2 —) f@)=s, 


Solutions are given on page 52. 


1] 


Other cases are justified later 
in the chapter. 


If n = 1, the calculation is 
simple: 


(c+h)—2 


2 
h 


As h — 0, x remains constant. 


You will not be expected to 
produce such reasoning. 


See Chapter A3, 
Subsection 3.2. 


You may like to evaluate 
these quotients for h = 0.01 
and h = 0.001, say, to gain an 
idea of their behaviour for 
small values of h. 
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In the case when n is a positive integer, the rule for differentiating powers 
can be justified by using the Binomial Theorem. If f(z) = 2” and hisa 
non-zero number, then 


f(x +h) — fle) __ (e@ +h)" — 2” 
h < h 
Cm °C 2° +° Coa" 7h? +--+ +h") — 2” 


h 
au ‘ee "C20 je Ar} 


=n" * 4+" Con” *h+---+h™, (14) 


since "C, = n. In the final expression in equation (1.4), all terms except 
the first include a positive power of h and so they each tend to zero as h 
tends to zero. ‘Thus 


p'(a) = fim (FEN PE) ars 


h—0O 


as required. 


Sine and cosine functions 


Next, consider the sine and cosine functions. The limits and algebra 
involved here are not straightforward, but try to follow the reasoning given 
to justify the result for the sine function. 


lf f(x) = sine, then f'(x) = coer. 


We have to consider the quotient 
fie+h)=—fe) — mile + hj ee 
h = h 
where hf is non-zero. Since sin(x + h) = sinazcosh+coszsinh, we obtain 
f(at+th)—f(x) (sinxcosh+coszsinh) — sing 
h = h ; 
There is no convenient cancellation of h in the right-hand expression, as in 
earlier cases. Instead we collect like terms to give 


h) - h-1 inh 
fe +h) fe) = S12 (=) +e (= ; (1.5) 
Now it will shortly be shown that 
cosh — 1 sin h 
lim ( 7 =0 and im ( 7 a (1.6) 


Using these limits we obtain, from equation (1.5), 


f(a) = jim (£2+4)—f2)) 
ee = = cos. lim (=) 


= sinz x 0+ cosz x 1 


= gin 7 lim 
h—0 


= (08 x, 


as required. 


SECTION 1 DIFFERENTIATION 


To evaluate the two limits in equation (1.6), we use a geometric argument. 
Consider a circle of radius 1 and a small acute angle of @ radians at the We use @ rather than h since 
centre, subtended by an arc AB, as shown in Figure 1.5(a). this is a geometric argument. 


(a) 
Figure 1.5 (a) Sector OBA (b) Triangles OBC and ODA 


Now draw lines BC and DA perpendicular to OA, with OBD forming a 
straight line, as shown in Figure 1.5(b). Then triangles OBC and ODA 
are right-angled. In AOBC, OB has unit length so BC has length sin 0 
and OC has length cos@. In AODA, OA has unit length so AD has length 
tan@. From Figure 1.5(b), we can see that 


area of AOBC < area of sector OBA < area of AODA; ee on el enirlod ofa cae 


that is. of radius r subtending an 


angle 6 at the centre is $r76. 
5 Sin @cos@ < 30 < }tané. 


On multiplying these inequalities by 2/ sin 6, we obtain Since 0 < 6 < $7, we have 
ind > 0. 
1 sin 


cos@ < — ——., 
sin@  cos@ 


As 6 — 0, we have cos@ — cos0 = 1, so the quotient 0/sin 6 is trapped 
between two expressions both of which tend to 1. Thus 


im ( : )=1 
60 \sind) — 


Hence In this argument 6 tends to 0 
sin 6 through positive values, but 
lim ——a (187) . 
6—0 sin(—0)_ —sin@ _ siné 
= =F 


as in equation (1.6). 


" th It holds 3 I. 
Next we evaluate lim ((cosh — 1)/h). Here we use an algebraic argument, eee 


together with the limit in equation (1.7). First, recall the half-angle 
formula 


sin” (46) = 3(1-—cos6). See Chapter A3, 
Subsection 3.3. 
This formula gives 


1—cos@  2sin*(36) = (= 2) ee 


6 0 
Now, by equation (1.7), 


er 
lim (=) =|. so lim Co =f" 2 Hh = 0, 50 — 0 as 6 > 0, and vice 


1 
g—0 versa. 


as stated in equation (1.6). 
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See MST121 Chapter A3, 
Subsection 3.2. 
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Similar reasoning can be used with the cosine function to give the 
following result; the details are omitted. 


if fix)-= cose Aen 7) = sine. 


Exponential and logarithm functions 


Figure 1.6 shows the graphs of the functions f(7) = a*, for the values 
a= 1, @=— 7 end a-—.3: 


Y 9 
y= 
y Sa _" 
7 
a 
7 
A 
ee fo 
4, 
4 
7 
A 
4 
4 
7 
1 ba = 1 
7 
7 
4 
/ 
7 
7 
7 

= 0 1 = 


Figure 1.6 Graphs of exponential functions 


The graphs all pass through the point (0,1), since a° = 1 whenever a # 0. 
The broken line that represents the graph of y = x + 1 also passes through 
the point (0, 1). 


It appears from Figure 1.6 that the greater the value of a, the steeper the 
eraph of y = a” at the point (0,1). By comparison with the graph of 

y = x +1, which has gradient 1 everywhere, it can be seen that the 
eradient of the graph of y = 2” at (0,1) appears to be less than 1, whereas 
that of y = 3° appears to be greater than 1. This observation suggests that 
for some a between 2 and 3, the gradient of the graph of y = a” at (0,1) is 
exactly 1. The number with this property is called e and its value as a 
decimal is 2.718 281.... Thus for the particular function f(x) = e”, we 
have f’(0) = 1, so 


(e434 es 
im ( 7 )=s@)=1 (1.8) 


h—O 


The graph of the function f(a) = e* is shown in Figure 1.7. 
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Tangent at 
(0,1) is 
=e, 


Figure 1.7 Graph of f(x) = e* 


The derivative of f(x) = e” can now be found at other points: 


im (L2+") =f) 


/ 
f= tim 
F( h—0 h 
erth — et 
Se ae By a rule for powers, 
oer h ith 
e =e er’. 


So the derived function of the exponential function f(x) = e” is itself! This 
is the reason why the number e is so important. 


Last on our list of basic functions is f(a) = Ina, the inverse function of the The term ‘inverse function’ 
exponential function. For the moment we just state the derivative of this was defined in MST121 
function, which will be obtained in Section 2 using a rule for differentiating Chapter A3, Subsection 4.1. 
inverse functions. 


1 
ee fie) —In x, then f (ha —__ fe 30): Note that the domain of 
x f(x) =Inz is (0, 00), and this 
interval is also the domain 
nee 2“ 
Here is a list of the ‘basic derivatives’ introduced in this subsection. — 
Table 1.1 
$A A more extensive list is given 
Function f(x) Derivative f’(x) in Section 2. 
é 0 : 
an nz! Here n is a non-zero constant. 
sin x COS x 
COS & * sin x 
et a 
Inz Liznie>D) 
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We say ‘f double-prime’ or 
‘f double-dash’. 


The notations f’” and f® 
are both used for the third 
derivative. 


We say ‘dee-two-y by 
dee-x-squared’, and so on. 
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Higher derivatives 


When we differentiate a smooth function f, we obtain the derived 
function f’. It is sometimes useful to differentiate the derived function f' 
to give a function f” called the second derived function. The value of 
f” at a given point is called the second derivative of f at that point. 
For example, if f(x) = x? then 

72) =3r7 - 90. =e. 
If the differentiation process can be applied n times, then we obtain the 
nth derived function, which is denoted by f‘”. The value f‘”(z) is 


called the nth derivative of f at x. If f can be differentiated n times at 
each point of its domain, then f is said to be n-times differentiable. 


Such derivatives are called higher derivatives of f. The corresponding 
Leibniz notation for higher derivatives is 
d*y d*y 


At? a and so ON. 


Activity 1.3 Finding higher derivatives 


(a) Given that f(x) =e”, use Table 1.1 to write down 


fe), fey) and Pe 
: | | dy d*y 
(b) Given that y = sinz, write down = and aa? 
Solutions are given on page 52. 


Summary of Section 1 


This section has introduced: 


© differentiation of a function f to find the derivative f’(x), which is the 
eradient of the tangent to the graph of f at the point (2, f(x)); 


© standard notations used for differentiation; 
© derivatives of several basic functions; 


© higher derivatives, and the notations for these. 


Exercises for Section 1 


Exercise 1.1 


Consider the function f(x) = x° + 2. 
(a) Show that if h 4 0, then 
f(x +h) — f(x) 
h 
(b) Hence determine f'(z). 


= 327 + 3ah + h? +2. 


Exercise 1.2 
(a) Given that g(t) = Int, write down g’(t) and g(t). 
ds €e°@x d‘s 


(b) Given that s = t’, write down a) G2? gs and ya 


2 Differentiating combinations of functions 


Starting from the known derivatives of the basic functions in Section 1, we 
can differentiate many more complicated functions, such as 


f(x) = Vz? + 1cos(2z). 


We differentiate such a function by analysing how f(z) is built up from 
basic functions and then applying the appropriate differentiation rules. 


2.1 Sum and Constant Multiple Rules 


Sums and constant multiples of functions can be differentiated using the 
following rules. 


Sum Rule 


If & is a function with rule of the form k(x) = f(x) + g(x), where f 
and g are smooth functions, then k is smooth and 


k(x) = f'(x) + 9'(2). 
Constant Multiple Rule 


If k is a function with rule of the form k(x) = cf(x), where f isa 
smooth function and c is a constant, then k is smooth and 


P(e) = ef (x). 


These two rules are often applied in combination. For example, if 
k(x) = x* + 3sinz, 


then k(x) = f(x) + cg(x), where f(x) = x”, g(x) = sinz and c= 3. Since 
f'(x) = 2x and g'(x) = cosz, the Sum and Constant Multiple Rules give 


k'(x) = 2x + 3cosz. 


These rules are usually applied without referring to them explicitly and 
without giving names to the constituent basic functions. 


Activity 2.1 Using the Sum and Constant Multiple Rules 


Differentiate each of the following functions. 
3 

(a) k(x) = + 2Ina (b) f(t) = 5e’ — cost 
£ 


Solutions are given on page 52. 
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2.2 Product and Quotient Rules 


Products and quotients of functions can be differentiated using the 
An outline proof of the following rules. 
Product Rule is given in 
Subsection 2.5. 
Product Rule 
If k is a function with rule of the form k(x) = f(x)g(x), where f and 
g are smooth functions, then k is smooth and 


ki(a) = f'(x)g(x) + flw)g'(2). (2.1) 


Quotient Rule 


If k is a function with rule of the form k(x) = f(x)/g(#), where f and 
g are smooth functions, then k is smooth and 


Note that if x is in the k’(2) = g(x) f'(x) — f(x)g"(x) eg 
domain of k, then g(x) 4 0. (g(x))? : 
This condition follows from 
the domain convention. 


For example, the function k(x) = x? sin is the product of the basic 
functions f(x) = x? and g(x) = sinz. Now f'(x) = 2z and g(x) = cos so, 
by the Product Rule, 
k'(x) = f'(@)g(@) + f(a)g'(2) 
= (2x)(sin x) + (x7)(cos x) 
= 2¢sinz + x cosz. 
On the other hand, the function k(x) = x*/sinz is the quotient of the 
Here the domains of k and k’ — functions f(x) = x? and g(x) =sinz. Thus, by the Quotient Rule, 


are both the set of numbers x ; F 
for which sin x £ 0. k'(x) = g(x) f(x) — f(x)g'(x) 
(g(x))? 


(sin z)(2xr) — (x?)(cosz) _ 2xsinx — x* cosz 
(sin x)? 2 sin’ x 


Although the Product Rule and Quotient Rule are more complicated than 
the Sum and Constant Multiple Rules, you should aim to be able to use 
them without assigning names to the constituent functions. Also, although 
it is not essential to make reference to these rules when you are using 
them, you may find it helpful to do so. 


You may find the following versions of equations (2.1) and (2.2), in Leibniz 
notation, easier to work with. 


Product Rule (Leibniz form) 


These rules are sometimes If y = uv, where u = f(x) and v = g(x), then 
written in the forms 

= : dy du < dv 

— = —v+u—. 

ta az. a dx 

dx dx dx : =m Ke 
= Quotient Rule (Leibniz form) 

du —s dv If y= u/v, where u = f(x) and v = g(x) £0, then 
dy _ ( da uz) 
da o 
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d 
The notation —(_) is especially useful when applying these rules. For 


example, for the function f(x) = (sinx)/x, we take u = sinx and v = @, to 
obtain 


S; ‘ z— (sin) ~ sin t—(z) 
= 


£COSx — SIN 
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Activity 2.2 Using the Product and Quotient Rules 


Differentiate each of the following functions using the Product Rule or 
Quotient Rule, as appropriate. 


xg? — 1 
a) k(x) = (27 — 1)(2? 2 dD) MMe) =a 
(a) K(z)=(2?-1)(@? +242) (b) Ka) = 
e’ 
(c) f(x) =e* cosz (d) g(t) = aed Try to answer parts (c) 
Solutions are given on page 52. and (d) without assigning 
names to the constituent 
Comment functions. 


In part (a), an alternative method is first to multiply out the product and 
then differentiate the resulting quartic polynomial. 


The solutions indicate that after applying the Product Rule or Quotient 
Rule, we may need to simplify the resulting expression; for example, we 
often collect like terms, take out common factors and cancel. 


The Quotient Rule can be used to establish several basic derivatives. For 
example, in Section 1 it was shown that for the function f(x) = x”, where 
n is a positive integer, we have f’(x) = nx”"~*. A proof of this rule for the 
case of negative integers can now be given. 


Suppose that f(x) = x”, where n is a negative integer. Then n = —m, 
where m is a positive integer, so 
1 


ee a = 


By the Quotient Rule, 


2™ x Q0—1x me™! 


f(z) = (a)? 


Now  ealetasd inl =A gm—1—2m ae eae so 


n—-1 


f'(x) mon —mr7™—1 i fe (since i aa =m), 


as required. 
We can also obtain the derivatives of the functions tan, cot, sec and cosec, 
since these trigonometric functions have rules that are quotients: 

OS x 


sin x Cc 
lang = ———, COL = y—~ $C 2ss ee 
cos sin x COS X sin x 
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You are asked to establish the 
derivative of the function 
cosec in Exercise 2.2(a). 


In Activity 2.3(a) you found 
that 


d 
—(tan x) = sec’ z. 


dx 


Read g(f(x)) as ‘g of f of 2’. 
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Activity 2.3 Derivatives of trigonometric functions 
Use the Quotient Rule to establish each of the following derivatives. 


d ee = 2 
(a) 7, tan 2) eee" 2 (b) Gy (cot ©) = —cosec* £ 


d 
(c) = (secx) = secxrtanz 


Solutions are given on page 53. 


To differentiate some functions we have to use more than one rule, or make 
repeated use of the same rule. For example, the function 


f(x) = 2*sinxcosr 


is a ‘triple product’. To differentiate the function f, we first treat it as a 
product of two functions, such as 


f(r) = (2* ax) cos sz. 


We obtain, by the Product Rule, 


/ —_ d 4: 4-3 d 
Titi= an (x* sin) cosx + (x° sin z) - (cos x). 


Now g(x) = x*sin z is also a product, so a further application of the 
Product Rule gives 


f'(z) = (423 sin x + x* cos z) cosx + #* sin x(—sinz) 
= ¢*(cos* x — sin’ x) + 4x° sin x cos z. 


Now try some ‘mixed’ functions for yourself. 


Activity 2.4 Differentiating mixed products and quotients 


Differentiate each of the following functions. 
t 
(a) f(z) = g*e* sin x (b) f(a) _ etane 


wae ce 
Solutions are given on page 53. 


2.3 Composite Rule 


As you saw in Chapter B1, a function k with a rule of the form 

k(x) =.9(f(a)), where g and f are functions, is called a composite 
function, known informally as a ‘function of a function’. To differentiate 
such functions, we use the following rule. 


Composite Rule 
If k is a function with rule of the form k(x) = g(f(x)), where f and g 


are smooth functions, then k is smooth and 


k(x) = g'(f(2)) f (@). (2.3) 


SECTION 2. DIFFERENTIATING COMBINATIONS OF FUNCTIONS 


For example, the function k(x) = sin(?) is of the form k(x) = g(f(z)), 
where the ‘inner’ function is f(a) = x* and the ‘outer’ function is the sine 
function. When first learning to use the Composite Rule, it is helpful to 
use an intermediate variable, u say, to label the output of the inner 
function f(x); that is, we write 


k(x) =9(f(z)) =g(u), where u = f(z). 
For the example k(x) = sin(x?), we have 
a) 90) = sinu, where u = f(z).= 2°. 
Now 
eee -cosu and f'(z) = 2z, 
so, by the Composite Rule, 
k(x) = 9 (f(2)) f'(2) 
= 9 (u) f(x) 
= (cos u)(2z) 
=<os(7) x 2a 
= 27 cos( 2" ). 
As you become more familiar with applying the Composite Rule, you 
should find that you can write down the derivative of a simple composite 


function by first differentiating the outer function as if its argument were a 
single variable and then multiplying by the derivative of the inner function. 


The Leibniz form of the Composite Rule is particularly memorable. In this 
form the result is often called the Chain Rule. 


Chain Rule (Leibniz form of Composite Rule) 
If y = g(u), where u = f(x), then 


dy _ dy du 
dx du dx 


For example, to differentiate the function k(x) = sin(x”) using the Chain 
Rule, we decompose y = sin(x”) as 


y=sinu, where u= 2’. 


Then 
y du 
os cosu and aa 2%. 
so, by the Chain Rule, 
= = - = (cos u)(2x) = 2x cos(27), 
as above. 


Activity 2.5 Using the Composite Rule 


Differentiate each of the following functions. 
ja-he) =e (b) -eGe} == cael Sx) 
(c) f(z)=vsing — (d)_ g(t) = In(—2#) 


Solutions are given on page 53. 


Although this equation looks 
hike a statement about 
fractions, recall that the three 
symbols for the derivatives 
are complete symbols. 


Try to answer parts (c) 
and (d) without assigning 
names to the constituent 
functions. 
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Note that the derivative of 
In(ax) does not involve a. 


Recall that In x is the unique 
number y such that e¥ = x, so 
eln= — x for x > 0. See 
MST121 Chapter A3, 

Section 4. 
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Comment 


© The Chain Rule can also be used to differentiate each of the above 
functions, and you may prefer this approach. For example, for part (a) 
we write y = k(x) = e!/* as 


y=e", whereu=1/z. 


Then 
= e* and aa 
du dx — x2’ 


so, by the Chain Rule, 
d dy du 1 elt 
Ri(o) = B= AS Her ( ) 
dg aac 
© Parts (b) and (d) illustrate how the Composite Rule enables us to 
generalise somewhat the basic derivatives given in Section 1, to cope 
with functions such as sin(ax), cos(az), e** and In(azx), where a is any 
non-zero constant. For suppose that the derivative of a function g is 


known, and that the function k is defined by k(x) = g(ax). Then we 
can apply the Composite Rule with inner function f(a) = ax to obtain 


k'(x) = g'(ax) f'(x) = ag'(aa), 


since f’(z) =a. 


This result gives 


d e 1 

az sin(az)) = acos(az), Fae (cos(ax)) = —asin(az), 
d ary ax baa 1 = 1 

= ) =ae™ and 7, inlaz)) a a 


The Composite Rule can be used to establish another basic derivative. 
Earlier, we saw that the rule 
if f(z) = 2" the fie 


is true when n is a non-zero integer. This rule can now be established 
when n is a real number that is not an integer. In order to do this, we use 
the fact that e™* = x, for x > 0, to write: 


jaf Sea, for s > 0. 


Then, by the Composite Rule, 
n 


f'(x) a ening (=) =— 7” (=) — naz” *, ir xc > Q, 


£ 
as required. 
In the next activity, you are asked to differentiate functions whose rules 


involve a composite and also a product or quotient. For example, the 
function 


is a quotient, and the ‘top’ function is a composite function. 
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We obtain 


d 
x —(cos(x*)) — cos(x?)—(a) 
Piz) = (0 oe ee (Quotient Rule) 
z 
—2zx sin(x*)) — cos(x?) x 1 
ee ES xine ba 
z 
—2x? sin(x*) — cos(x?) 
ce 
ne i 2 a as ou 
= —2sin(x*) — = cos(x*). The simplification in this final 
* line is not essential. 
It is important to analyse such mixed functions carefully before applying 


the rules. For example, 
© k(x) =e**™* involves a composite and a product, whereas 


© k(x) = e*sinz involves just a product. 


Activity 2.6 Further mixed functions 


Analyse and then differentiate each of the following functions. 


_ sin(¥) 


(a) f(x) = xe? (b) f(z) a 

(c) f(x) = cos((x + 4) sec x) (d) f(x) = Vx? + 1cos(2z) In Activity 2.3(c) you found 
Solutions are given on page 54. that ; 

Comment | Fa (see x) = seca tana. 


The solution to part (c) illustrates the fact that when differentiating a 
function whose rule involves an expression of the form x + a, where a is a 
constant, no extra term arises from differentiating x + a, because 


<(z +a)=1. For example, if f(x) = sin(a + 2), then f’(x) = cos(x + 2). 
z 


2.4 Inverse Rule 


In Section 1 you met the basic derivatives 
d 
dx 
The functions f(x) = e* and g(x) = Inz are closely related, since they are 


inverse functions of each other. This means that each function ‘undoes’ the See MST121 Chapter A3, 
effect of the other, in the sense that Subsection 4.3. 


f(g(z))=e"™* =a and g(f(x)) =m(*) =¢; 
Wwe wane f° = og and. ¢"' = f. 


(e*) =e” and (in a) = -. (2.4) 


Z3 
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Recall that the domain of the 
function In is the set of 
positive real numbers. 


Note that, for all y we have 
te Ff. 


The domain of the derivative 
of In is the same as the 
domain of In. 
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It is likely that there is a close connection between the derivatives of any 
pair of inverse functions, but none is immediately apparent in 

equations (2.4). We can establish such a connection for any pair of 
functions f and g that are inverses of each other by using the identity 


f(g(x)) = «. (2.5) 
By the Composite Rule, 


dx 
so differentiating the functions in equation (2.5) gives 


Thus we obtain the following connection between the derivatives of a pair 
of inverse functions. 


Inverse Rule 


If g is a function with rule of the form g(x) = f~*(x), where f is a 
smooth function, then 


= Fig(ay’ provided that f’(g(x)) #0. (2.6) 


Once again, there is a memorable Leibniz version of this rule, which is 
usually more convenient to use. It can be expressed as follows. 


Inverse Rule (Leibniz form) 
If y = g(x) where g = f—', soz = f(y), then 


d d d 
= = 7 provided that _ ani? 


d dx 
Here 2 is the derivative of the function g = f~* at x, and a is the 
kL Y 
derivative of the function f at the corresponding value y = g(2). 


Let us see how the Inverse Rule works for the function g(x) = Inz, which 
is of the form g(x) = f—(x) where f(x) =e”. If y = g(x) = Ina, then 


x =e", 80 - = e¥. Thus equation (2.7) gives 
Y 


dx oe ae 
sO 
d 
o'(v) = 4 (ne) =+, 


as in equations (2.4). In this calculation, it was straightforward to obtain 
ae oe 
the expression oe in terms of x, but often this requires more work, as in 


the following example. 


SECTION 2. DIFFERENTIATING COMBINATIONS OF FUNCTIONS 


Example 2.1 Using the Inverse Rule 


Sketch the graph of the function g(x) = arcsin x, and find g’(z). 


Solution 


Since g is the inverse function of f(x) = sina (x € |—}7, $7]), its graph is 
as follows. See MST121 Chapter A3, 


Subsection 4.2. 


< 


Nie 
> 


y = g(2) 
= arcsin ¢ 


Figure 2.1 Graph of g(x) = arcsinx 


d 
ee g(r) = arcsins, then ¢ = sin y,<0 = = cosy. Thus, by the Inverse 
Y 
Rule, 
= ae 


1 
gi4) = — =1/— = , provided that cosy # 0. 
dx dy. cosy 


To express cos y in terms of x, we use x = sin y and the identity 
cos? y + sin? y = 1. We obtain 


cosy = 41/1 —sin?y = V1 — 2”. 


Now the + sign must be chosen here because cos y is never negative in the 
interval |—57, $7], where y lies. Thus 


d 1 
= == provided that 7 ~ +1, 
SO 
i 
o{(0) ==, for -1< <1. = 
i — x 
Comment 


© It is possible to check that this answer is reasonable by comparing it 
with Figure 2.1. When x = 0, equation (2.8) gives the value 1, which 
agrees with the gradient at (0,0) on the graph. As x increases from 0 
towards 1, the value of 1/./1 — x? increases and becomes unbounded 
as © approaches 1. On the graph, you can see that the curve and 
hence the tangent become steeper, approaching vertical near the 
endpoint (1, 57). 

© It follows from equation (2.8) that the domain of g’ is the open 
interval (—1,1), whereas the domain of g is the closed interval [—1, 1], 
as shown in Figure 2.1. 
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See Chapter A3, 
Subsection 3.1. 


Here n # 0. 


The condition ax > 0 means 
that the domain of the 
derivative of the function 


f(x) = In(az) is 


(eon), fash, 
(—co,0), ifa<0O. 
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Here are two further inverse functions for you to differentiate. 


Activity 2.7 Using the Inverse Rule 


For each of the following functions g, sketch the graph of g and find g'(z). 
(a) g(x) = arccos 2, the inverse function of f(x) = cosx (x € [0,7)). 

(b) g(x) = arctan, the inverse function of f(x) = tana (x € (—57, 57)). 
(Hint: In part (b) you can use the identity 1 + tan* 6 = sec’ 0.) 


Solutions are given on page 54. 


Here is a list of the basic derivatives with which you need to be familiar. 


The non-zero constant a does not appear in all cases, to help keep the 
table simple. The cases that feature a are obtained from entries in 
Table 1.1 by use of the Composite Rule, as in Activity 2.5(b). 


Table 2.1 
Function f(x) Derivative f’(x) 
e 0 
gn nz” 
sin(ax) acos(ax) 
cos(ax) —asin(ax) 
e** ne-* 
{ 

In(az) - (ax > 0) 

tan x sec? £ 

cot x — cosec? x 

Sec L sec z tan x 
COSEC X — cosec x cot x 

1 
arcsin & —— _ (-1<2<1) 
wae 
1 
arccos © —-——— _ (-l<2z<1l) 
/1 — x? 
1 
arctan x ee 
x 


These basic derivatives can be used in combination with the various rules, 
given earlier, to differentiate a wide range of functions. For example, to 
find the derivative of 

f(x) = arctan(x® + 1), 
we write 


f(z) =arctanu, whereu=2° +1. 


Then, by the Chain Rule, 


d d 
fiz) = 7, arctan 5. 
1 2 
eo 


327 3x7 


~~ 1+ (23 41)? 26 +208 42 
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Here are two similar types of function for you to differentiate. 


Activity 2.8 Further composite functions 


(a) Find the derivative of the function f(x) = arcsin(z°®). 
(b) Find the first and second derivatives of 


f(x) = arctan(4z). 


Solutions are given on page 55. 


The final activity in this section asks you to differentiate some other 
functions, which are fairly common but are not on the list of basic 
derivatives. 


Activity 2.9 Other common derivatives 


(a) Find the derivatives of 
f(x) =a" and f(x) = log, a, 
where a is any positive real number other than 1. 
(Hint: You can use the identity a* = e7™*.) 
(b) Find the derivative of the function 
f(x) =In|z| (# #0). 


(Hint: You can use the fact that In |x| = Inz, for x > 0, and 
In |x| = In(—2x), for x < 0.) 


Solutions are given on page 55. 


Comment 


The derivative obtained in the solution of part (b) will play an important 


role in Chapter C2. 


2.5 Proving the differentiation rules 


In this subsection an outline proof is given of the Product Rule. Similar 
proofs can be given of the other rules that have been introduced in this 


section. 


Suppose that k is a function with rule of the form k(x) = f(x)g(x), where 


f and g are smooth functions. We need to evaluate 


ke (ey = tie ae 


h—0 h 


The function log, was defined 
in MST121 Chapter A3, 
Subsection 4.3. 


This subsection will not be 
assessed. 


ai 
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Now 
k(n +h) — Ke) _ f(e+hg(e +h) = f(a)g(e) 


h = h 
We modify the right-hand side to include the expressions 
fle+h)—flz) 4 gle +h) ~9(@) 
h h 
because the rule for k’(x) involves f’(x) and g'(z). 


To do this, we add and subtract f(x)g(x +h) in the numerator: 


kK(et+h)—k(z) _ f(e+h)g(et+h) —f(a)g( +h) + f(a)gle +h) — fle)g(z) 


h h 


= (LEAD =10)) oie +) + se) (SEEM = 0), 


As h > 0, we have g(x +h) — g(x) and the two quotients tend to f’(z) 
and g’(x), respectively. Thus 


K'(a) = fim (EPR RE) — p(og(n) + Flo)a'(@), 


as required for the Product Rule. 


Summary of Section 2 


This section has introduced: 


© the Sum Rule, Constant Multiple Rule, Product Rule, Quotient Rule, 
Composite Rule (Chain Rule) and Inverse Rule for differentiating 
functions that are defined in terms of other more basic functions; 


© a table of basic derivatives; 


© an outline proof of the Product Rule. 


Exercises for Section 2 


Exercise 2.1 


Differentiate each of the following functions. 


(a) f(z) =2Inz — 3arcsinz (b) f(a) = 2" tame (o} ory = 


(a) f(x) =sin(1/2) —_(e) (2) = cos*(3r) 
(f) gly) = ew) 


(h) f(x) =arctan(e*) (i) A(t) = 2sin(t + 1) — tcos(t? — 1) 


(0<y< $n) (g) k(t) = sin(t*) cost 


Exercise 2.2 
(a) Use the Quotient Rule to establish the following derivative. 


ee (cosec x) = — cosec x cot x 
z 


(b) Use the Composite Rule to establish the following derivative. 


d a fe i 
re arcsin A = oo (—a Ka < a), 


where a is a positive constant. 


3 Graph sketching 


To study Subsection 3.2 you will need an audio CD player and CDA5494. ae 


In this section differentiation is included as one element of a general 
strategy for sketching the graphs of many functions. The aim of sketching 
the graph of a function is to provide a visual summary of the main 
properties of the function. Consider, for example, the function 


ficy= — 


ae ae 


A sketch of the graph of this function is given in Figure 3.1. 


Figure 3.1 Graph of y = 1/(1 — 27) 


Several key properties of the function f can be seen as features of the 
graph in Figure 3.1. 
1. The domain of f consists of the intervals (—oo, —1), (—1,1) and (1, 00). 
2. The graph is symmetric under reflection in the y-axis. 
3. The function f has y-intercept 1 and no z-intercepts. 
4. ‘The function f takes positive values on (—1,1), and takes negative 
values on (—oo, —1) and (1, 00). 
5. The function f is increasing on (0,1) and (1,00), and decreasing on 
(—oo, —1) and (—1,0). 
6. The function f has vertical asymptotes x = 1 and x = —1, and An asymptote is a line which 
horizontal asymptote y = 0. a curve approaches 
(arbitrarily closely) far from 
the origin; see Chapter A2, 
Subsection 2.2. 


Our graph-sketching strategy aims to show properties of these types. 
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See Chapter B1, 
Subsection 1.1. 


The function f(x) = 0 is both 
odd and even. 


Recall from Chapter B1 that 

the symbol € may be read as 
‘in’ or ‘belongs to’, depending 
on the context. 


We have e~! = 0.367... 
and e! = 2.718.... 
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3.1 Determining features of a graph 


In this subsection the various possible features of a graph are discussed in 
turn before combining these into a strategy. Activities involving the 
strategy are given in Subsection 3.2. 


Domain 


When the domain of a function is not specified, the convention is used that 
the domain is the largest possible set of real numbers for which the rule is 
applicable. 


‘Symmetry’ features 


If the graph of a function f is unchanged under reflection in the y-axis, as 
in Figure 3.2(a), then f is said to be an even function. Thus f is even if 


f(—x) = f(a), for all x in the domain of f. 


(a) (b) 
Figure 3.2 (a) An even function (b) An odd function 


If the graph of f is unchanged by rotation through the angle 7 about the 
origin, as in Figure 3.2(b), then f is said to be an odd function. Thus f is 
odd if 


f(—«) =—f(x), for all x in the domain of f. 


For example: 


© f(x) = 2? is an even function, since 
fi=g =e =a = Ha): eee 
© f(x) =sinz is an odd function, since 
_f(—x) = sin(—x) = —sing =—f(z), fora ER; 


© f(x) =e* is neither even nor odd, since we can find a value of x, say 
g =. 1, suchetieaine-* = re*: 
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Intercepts 


An intercept is a value of x or y at which a graph y = f(x) of a function 
f meets the x- or y-axis, respectively. The x-intercepts are the solutions (if 
any) of the equation f(x) = 0, also known as the zeros of f. The 
y-intercept is the value f(0); see Figure 3.3. 


y-intercept 


x-intercepts 


Figure 3.3 Intercepts 


It is usually straightforward to calculate the y-intercept f(0), but for some 
functions f the z-intercepts are difficult to find, since the equation 

f(x) =0 must be solved. In cases where this is difficult, it is useful to 
locate approximately the zeros of the function f by finding intervals in 
which the values of f change sign. For example, consider the function 
f(a) = x2° — 3x — 3. Since f(2) = —1 and f(3) = 15, f has a zero in the 
interval (2,3). 


Intervals of constant sign 
Closely related to the x-intercepts of a function are the intervals on which 
the function has constant sign. We say that f is positive on an interval [ 
if 

f(x) >0, forallz eT, 
and that f is negative on I if 


f(z) <0, forallze TI. 


Sometimes we can find such intervals by factorisation and use of a ‘sign 
table’. For example, we can express 


t 1 
f(x) = 7 2 f(z) = fie oe 
and thus construct a sign table for f(x), as below. In the left-hand column 
of the table are the factors that appear in f(x). In the top row are the key 
values of x at which the factors are zero and the intervals on either side of 
these key values. ‘The signs of the various factors are shown in the table by 
+,— or 0, from which the sign of f(x) may be deduced. 


The symbol x indicates a 
point not in the domain of f. 


From the bottom row, we deduce that f is positive on (—1,1), and 
negative on (—oo, —1) and (1,00), as shown in Figure 3.1. | 
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The concept of increasing or 
decreasing on an interval was 
introduced in Chapter B1, 
Subsection 2.1. 


The name ‘stationary point’ 
is often used to refer also to 
the corresponding point 

(x, f(x)) on the graph of f. 


In fact, f is increasing on 
(x2, 00), but this does not 
follow immediately from the 
Increasing / Decreasing 
Criterion because f’(x2) = 0. 
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Intervals on which a function is increasing or decreasing 


One aim of graph sketching is to indicate the intervals on which a function 
is either increasing or decreasing. We can sometimes determine these 
intervals by using just the rule of the function. For example, the function 
f(x) = 2? is increasing on (0,00) because 


if 0 < 2-< 23; thee Oe < x, < x3. 


For a smooth function f, we can use the derived function f’ to identify 
such intervals. Since the derivative f’(a) gives the gradient at the point 
(x, f(x)) on the graph of f, we can use the value of f’(z) to gain 
information about the shape of the graph near this point. If f’(x) = 0, 
then the tangent to the graph at (x, f(x)) is horizontal, and z is called a 
stationary point of f; see Figure 3.4, where x;, v2 and 73 are stationary 
points. 


Figure 3.4 Three stationary points 


On those intervals in the domain of f which include no stationary points, 
the function f’ has constant sign and we can deduce that f is either 
increasing or decreasing on that interval. 


Increasing /Decreasing Criterion 
Let IJ be an open interval in the domain of a smooth function f. 


© If f’(x) > 0 for all x in J, then f is increasing on J. 
© If f’(x) <0 for all x in J, then f is decreasing on J. 


For example, in Figure 3.4: 


© f is increasing on each of the intervals (—oo, 21), (%2, £3) and (£3, 00) 
because f’(x) > 0 for x in these intervals; 


© f is decreasing on the interval (11,22) because f’(x) < 0 for x in this 
interval. 


The function f in Figure 3.4 has a local maximum at 2, with value 
f(x1), because f(21) is the greatest function value in the immediate 
vicinity of z;. More precisely, there is some open interval J containing 21 
such that f(x) < f(2,), for all x € J. Similarly, f has a local minimum 
at 2, with value f (x2). 
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Local maxima and local minima of smooth functions always occur at 
stationary points, but a stationary point does not have to be a local 
maximum or local minimum. For example, in Figure 3.4 the function f has 
neither a local maximum nor a local minimum at the stationary point 73. 


The following test can be used to discover whether a function f has a local 
maximum or local minimum at a known stationary point. 


First Derivative Test 

Suppose that xp is a stationary point of a smooth function f; that is, 

f(a 0: 

© If f’(x) changes sign from positive to negative as x increases 
through zo, then f has a local maximum at Zp. 


© If f’(x) changes sign from negative to positive as x increases 
through xo, then f has a local minimum at Zo. 


If f’(~) does not change sign as x increases through x, then f 
has neither a local maximum nor a local minimum at Zo. 


Figure 3.5 illustrates why the First Derivative Test works. 


(a) 
Figure 3.5 


(b) Local minimum 


(a) Local maximum 


To determine whether the derivative of a smooth function f changes sign 
as x increases through a stationary point 29, it is often sufficient to check 
the sign of the derivative at ‘test points’ to the left and the right of xo. 
Alternatively, we can use a sign table for f’(x). The latter approach has 
the advantage that it helps us to understand the behaviour of f near any 
vertical asymptotes, as you will see. 


For example, for the function f(z) = 1/(1 — x”) in Figure 3.1, we have 


j i yA 
fi (x) = (1 ois, p?)2° 


A sign table for f’(z) is as follows. 


Thus f has a stationary point at 0. Also, by the Increasing/Decreasing 
Criterion, f is increasing on (0,1) and (1,00), and decreasing on (—oo, —1) 
and (—1,0). In particular, by the First Derivative Test, f has a local 
minimum at 0. — 


The plural of ‘maximum’ is 
‘maxima’ and the plural of 
‘minimum’ is ‘minima’. 

As you can check x = 0 isa 
stationary point of the 
function f(x) = x?, but this 
point is neither a local 
maximum nor a local 
minimum of f. 


The procedure based on ‘test 
points’ was described in 
MST121 Chapter Cl. 


In this case there is no need 
to factorise (1 — x7)”, since 


ia y>e 
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If a, < 0, then 
f(x) > oc 

is replaced by 
f(x) + —0n, 


and vice versa throughout 
this table. 


It is assumed that p(x) and 


q(x) have no common factors. 
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Asymptotic behaviour 


For a function f, the term asymptotic behaviour refers to the behaviour 
of points on the graph of y = f(x) for which the variable x or the variable 
y take arbitrarily large values. Thus describing the asymptotic behaviour 
includes finding any asymptotes of the function and also stating 
occurrences of any of the types of behaviour illustrated in Figure 3.6. 


Figure 3.6 Four types of asymptotic behaviour 
We now consider the asymptotic behaviour of polynomial functions and 
rational functions. 
The asymptotic behaviour of a polynomial function of degree n, 
fH a9 age OR ae eG, 


where n > 1 and a, # 0, is similar to that of the function g(x) = an,” 
because the term a,x” dominates the other terms for large x. We call x” 
the dominant term and a,, the leading coefficient of f(x). This 
asymptotic behaviour is described in Table 3.1, for a, > 0. 


Table 3.1 Asymptotic behaviour of f, where a, > 0 


For example, if 

f(x) = 2x* — 4x” +1, 
then, since the leading coefficient 2 is positive and the power of the 
dominant term 2* is even, we have 


f(z) + coasxt—oo and f(x) ~ co as 4 — —oo. 


A rational function is a function with rule of the form 


where both p and gq are polynomial functions. The domain of f is R except 
for the points where q(x) = 0. For example, f(x) = 1/(1— 2”) is a rational 
function, with p(x) = 1 and q(x) = 1 — 2”. Since the zeros of q are 1 and 
—1, the domain of f is R except for these points. 
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The rational functions we consider can have two types of asymptote: 


© avertical asymptote has equation of the form x = a; 


© a horizontal asymptote has equation of the form y = b. 


These two types of asymptote are illustrated in Figure 3.7. 


Figure 3.7 Vertical and horizontal asymptotes 


A vertical asymptote of a rational function f(x) = p(x)/q(«) occurs at 
those points a for which g(a) = 0 and p(a) # 0. For example, the rational 
function f(x) = 1/(1 — 2”) has vertical asymptotes x = 1 and x = —1; see 


Figure 3.1. 


To detect horizontal asymptotes of a rational function, we divide both the 
numerator and the denominator by the dominant term of the denominator, 
and consider the behaviour as x — oo and as x — —oo. For example, if 
f(x) =1/(1 — 27), then x? is the dominant term of the denominator. 


— —— =OJas rt — +r, 


Hence 
1 iis 
ies l=? 1/971 
0 
t= 4 


so f has the horizontal asymptote y = 0; see Figure 3.1. 


A rational function can also 
have a slant asymptote, which 
has equation of the form 

y= mx+c, where m #0. In 
this chapter we do not 
consider such asymptotes. 


Asymptotes are usually 
indicated by broken lines, 
except when they coincide 
with an axis. 


More generally, a function f 
of the form f(x) = h(x)/q(x), 
where hf is a continuous 
function and q is a 
polynomial function, has an 
asymptote x = a if g(a) = 0 
and h(a) £0. You will see an 
example of such a function in 
Activity 3.1. 


The expression ‘as x — +00’ 
is shorthand for ‘as x — co 
and as x — —oo’. 


Ss 
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3.2 Graph-sketching strategy 


The following strategy summarises the main features that a sketch of the 
graph of a function should convey. 


Strategy 
To sketch the graph of a given function f, determine the following 
features of f (where possible) and then show these features in your 
sketch. 

The domain of f. 

Whether f is even or odd. 


The x- and y-intercepts of f. 


The intervals on which f is positive or negative. 


The intervals on which f is increasing or decreasing and any 
stationary points, local maxima and local minima. 


The asymptotic behaviour of f. 


Remarks 

1. For some graphs it may not be necessary or possible to find all the 
features listed in the strategy. 

2. Choose the scales on your axes with care. Ideally the two scales should 
be the same, but sometimes unequal scales are needed to show some 
features clearly. 

3. The intercepts of f and any local maxima and minima serve to locate 
parts of the graph of a function. It may be necessary to locate other 
parts by evaluating a few points on the curve. In part (a) of 
Activity 3.1 some points are suggested for this purpose. 


ie 


>) Cw = Now listen to CDA5494 (Tracks 1-6), band 1, ‘Graph sketching’. 


Frame 1 
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Sketch the graph of f(x) = 


otep 1 
otep 2 


otep 3 


otep 4 


otep 5 


Step © 


2x—3 


Domain of f: (—©9, 1) and (1, °) 
Even/oda: f is neither. 


Intercepts: f(x) = O when 2x — 3 = O,7 50 x-intercept is 3 : 
f(O) =-3/-| = 3, so y-intercept is 3. 


Fositive/negative: 


F(x) 


f is positive on (—09, 1) and (2,6), negative on (1 3) . 


Increasing/decreasina: 


(x) = (x — 1)2 —(2x —3)' x (— 20, 1) 1 (1, c0) 
(x = 1)2 + 
1 
3 (x — 14 - 


f is increasing on (— , 1) and (1,°9). 
f has no stationary points. 


Asymptotic behaviour: x =1 is a vertical asymptote. 
ax=5 2-AIx 2-0 
ee ee es 
x =7 tiie + i 
60 y= 2 is a horizontal asymptote. 


f(x) =? a x7 to, 
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Frame 2 


Sketch the graph of f(x) = = 


otep | Domain of f: R 


Xx 


Step 2  Even/oda: f(-x) = ee ¥ ra eter 
x 


= —f(x), 50 f is odd. 
Step 3 Intercepts: f (x) = O when x = O, go only intercept is origin. 


Step 4  Fositive/negative: 


f is positive on (O, 2°), negative on (—oe, QO). 
Step 5 — Increasing/decreasing: 


(x2 1 XT ZX) 


ix) = 
(x2 + 1)4 
i Se 
fe 258 (x2 + 1)2 


f is increasing on , decreasing on lod 
f has stationary points +1, local maximum at a value = 
aot 
Fie _| 


Step 6 Asymptotic behaviour: f has no vertical asymptotes. 


f(x)= ——= us » “gas = 
x41 14% 140 


local minimum at 


50 y= O is a horizontal asymptote. 
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Frame 3 


Sketch the graph of f(x) =(x—2) e” 


You may assume: 


otep 1 Domain of f: R f(x = 0 aa x > = oo, 


Step 2 = Even/odad: f is neither. f(l)=-e, f(-l)= —3e '#+fF (1) 


Step 3 Intercepts: f(x) = O when x — 2 = O, So x-intercept is 2. 


f(O) =— 2, 50 y-intercept is —2. 


Step 4  Fositive/negative: 


(x) 
f is positive on (2, o), negative on (— ©, 2). 
Step 5 Increasing/decreasing: 


i (ie 2) oO ee 
= (x — I)e* 


f is increasing on (1, ©), decreasing on (—©, 1). 


f has stationary point |, a local minimum, value f(1) = —e. 


Step © Asymptotic behaviour: f has no vertical asymptotes. 
f(x) > O as x 4 -— (given), 
60 y= O16 a horizontal asymptote for the left part of the graph; 


f(x) > cas x oo (since e~ 4 © as x > ov), 
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Frame 4 


Graph of F(x) =—s 


x* +1 


Graph of f (x) = (x —2) e* 
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Activity 3.1 Using the graph-sketching strategy 


Sketch the graph of each of the following functions. 


(@) fle) =~ 
(b) fa)= 


(4). fie) =2°-3e2—3 


Solutions are given on page 55. 


Comment 


The assumption given in part (c) about the behaviour of e”/z as x tends 
to oo is a particular case of the property that, as x tends to infinity, e* 
tends to infinity faster than any power of x. To be precise, for each fixed 
positive integer n, we have 


e~ 
——— =e CO ae 2 er 
a 


Using the second derivative 


In Subsection 3.1 the First Derivative Test was introduced to determine 
whether a given stationary point gives a local maximum, a local minimum, 
or neither. There is an alternative test for a local maximum and a local 
minimum, using the second derivative. 


Second Derivative Test 


Suppose that xo is a stationary point of a smooth function f; that is, 


{laa = 0. 


© If f"(xo) < 0, then f has a local maximum at Zo. 


© If f"(2) > 0, then f has a local minimum at zp. 


This test can be very efficient as a means of classifying stationary points. 
However, for some functions it is complicated to find the second derivative. 
Moreover, if f”(%9) = 0, then the Second Derivative Test gives no result; 
the stationary point may be a local maximum, a local minimum or neither 
in this case. This is why the First Derivative Test has been used here. 


In part (a) it will help to 
consider the points for which 
= 6 adc = 4, 


In part (d), you need not find 
accurate values for the 
x-intercepts. 


See MST121 Chapter C1, 
Subsection 2.2. 


Strictly speaking, f is 
required to be a 
twice-differentiable function. 
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Summary of Section 3 


This section has introduced: 


© some features of the graphs of functions, which can be identified 
without differentiation, including symmetry properties and intervals 
on which the function is positive or negative; 


© some features of the graphs of functions, which can be identified with 
the help of differentiation, including intervals on which the function is 
increasing or decreasing, stationary points, local maxima and local 
minima, and asymptotic behaviour; 


© astrategy for sketching graphs of smooth functions. 


Exercises for Section 3 


Exercise 3.1 


Sketch the graph of each of the following functions. 


fs. 
at fe) = = (You will find it convenient to use unequal scales for 
Ps 
this graph.) 
2 
£ 
b = —— 
b) f@=sa5 
3x 
(efz\= Gai? (You may assume that f(x) — oo as x — ov.) 


(a). Fial = = ae 


4 Newton—Raphson method 


Solving equations is one of the most important activities in mathematics 
because many problems where we seek to find an ‘unknown’ number x lead 
to an equation, or equations, involving x. Most equations cannot be solved 
exactly, so we must be content with approximate solutions. The 
Newton—Raphson method is one of the most effective techniques for finding 
approximate solutions of equations rapidly. Special cases of this method 
were used by the Ancient Babylonians, but the method is named after 
Isaac Newton and Joseph Raphson who gave versions of the method 
suitable for solving polynomial equations. In its usual modern formulation, 
the method seems to be due to ‘Thomas Simpson. 


4.1 What is the Newton—Raphson method? 


Suppose that f is a smooth function, and that we want to find a zero of f; 
that is, a solution of the equation 


f(a) =0. 
In this situation it is often possible to find a number which is near to a 
solution of the equation. For example, we can calculate the values of the 
function at various points in order to find an interval in which the function 
values change sign, as you will see. 


Suppose that, as in Figure 4.1, the equation f(x) = 0 has a solution a, and 
we know that the number 2% is near a. 


Figure 4.1 Initial approximate solution x9 


One way to calculate a number that is usually closer to the solution a than 
Lo is to determine the point, x; say, where the tangent to the graph of 
y = f(x) at (20, f(x0)) cuts the x-axis; see Figure 4.2 overleaf. 


Raphson (1648-1715) and 
Simpson (1710-1761) were 
English mathematicians. 
Raphson published his version 
of the method in 1690. 
Simpson’s textbook Treatise 
of Algebra was widely used 
during the eighteenth century. 


One way of obtaining the 
number 2% is to examine the 
graph of f. 


For some functions f and 
some numbers Zo it is 
possible that x, is further 
from a than Zo is. 
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A x0, f(00)) 


tangent at 


(xo, f (xo)) 


Figure 4.2 Second approximate solution ©; 


For this tangent, To find the point x1, we note that the gradient of this tangent is f’(1o), so 
rise = f (20 fiz 
( ) f'(xo) ae ( 0) 
and * Mie 3 


On solving this equation for x1, we obtain 


f (Zo) 

f'(xo) 

Having found a value x; that is nearer to a than 2, we can repeat the 
process using the corresponding formula 


f (x1) 
Pay 


to obtain a value x» that is usually even closer to a, as in Figure 4.3. 


run = 2 — Xx. 


Ly = Lo — 


‘io ae 


(av; f(z1)) 


tangent at 


(#1, f(x) 


Figure 4.3 Third approximate solution x2 


Repetition of this process usually gives better and better approximations 
to a solution of the equation f(x) = 0. This iterative process is called the 
Newton—Raphson method. 


Newton—Raphson method 


Some discussion of the Let f be a smooth function. The Newton—Raphson method for 
convergence of this method is finding an approximate solution of the equation f(x) = 0 is to start 
given in Subsection 4.2. with an initial term x) and calculate the iteration sequence given by 


f(€n) 


Ln+l — Ln pa F(x ) 
nr 


Coane ae (4.1) 


In the following activity you are asked to apply the Newton—Raphson 
method to a particular cubic function. 
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Activity 4.1 Using the Newton—Raphson method 


Consider the function f(x) = x° — 2x — 2. 


(a) By evaluating f(1) and f(2), show that the equation f(x) =0 has a 
solution in the interval (1, 2). 


(b) Show that for this function f the Newton—Raphson formula in 
equation (4.1) can be expressed as 


223 +2 
=> 3x2 —2 


ia G, 1,2. ....). 


(c) Use your calculator to find the first five terms of the sequence z,, when 
the initial term is %) = 2. (Ideally you should use the maximum 
accuracy of your calculator and make appropriate use of its memory 
facilities. ) 


(d) Check that the final term calculated in part (c) is a good 
approximation to a solution of f(x) = 0. 


Solutions are given on page 58. 


Comment 


In part (a) we used the fact that, for any polynomial function f, if f(x) 

and f(x2) have opposite signs, then f has a zero at some point between x, This method of locating a 

and 29. zero also applies to any 
function f that is continuous 
on a closed interval which 


, ; tal d £2. 
The Newton—Raphson method gives an excellent iterative method of ipa fDi 


calculating square roots by using the fact that if a > 0, then //a is a 
solution of the equation x? — a = 0. 


Activity 4.2 Calculating square roots 


Suppose that a > 0. Show that the Newton—Raphson formula (4.1) applied 


to the equation The function associated with 
this equation is 
x? —-a=0 qd 
fiz) = 2" — a. 


gives the iteration sequence 


ny =} (2, + =) (n = 0,1,2,...). 


TL 


A solution is given on page 58. 


Comment 
You used this formula for the case a = 3 in Chapter B1, Exercise 1.1(b). 
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See Chapter B1, 
Subsection 2.2, for this 
classification of fixed points. 
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4.2 Advantages and disadvantages of the 
Newton-Raphson method 


In Activity 4.1 you found the following terms given by the 
Newton—Raphson method for the equation f(x) = 7° — 2x — 2 = 0: 

tes Jy 

= Le. 

To = 1.769 946 187, 

L3 = 1.769.292 663, 

L4 = 1.769 292 354. 
You also found that the term x, is a good approximation to a solution of 
f(x) = 0, in the sense that f(x) = 0 (to 8 d.p.). It is striking that the 


method has produced such an accurate solution in only four iterations, but 
this rapid convergence is a feature of the Newton—Raphson method. 


An explanation of the rapid convergence of the Newton—Raphson method 
can be given by applying the methods for dealing with iteration sequences 
described in Chapter B1. First we observe that equation (4.1) can be 
written in the form 


Bay = Q(B PS es); 
where g(x) = a — f(x)/f'(x). If a is a solution of the equation f(x) = 0 
and f’(a) #0, then f(a) = 0 and 
f(a) 
g(a) =a-—= 
0) Sodio 
Therefore a is a fixed point of the function g, but what type of fixed point 
is it: attracting, indifferent or repelling? 


To classify the fixed point a we need to examine the value of g'(a). We can 
differentiate g, using the Quotient Rule, to obtain 


fi(o)f'(x) = fa) F"(@) 
(F'(@))? 
(FC)? f@)F"(@) 


ade) Heh = 


—_S— 


(f(x)? (f'(#))? 
_ F(x) f(a) 
(f'(@))? 
Since f(a) = 0 and f’(a) #0, we deduce that 


a) = LOL) _ 
(f’(a))? 
Therefore the fixed point a is in fact a super-attracting fixed point of the 
function g. Hence it is to be expected that any iteration sequence 
generated by g(x) = x — f(x)/f'(x), with initial term near a, converges 
extremely rapidly to a, which is a zero of f. 


However, there are some problems that may occur when applying the 
Newton—Raphson method, as you will see in the next activity. 
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Activity 4.3 Failure of the Newton—Raphson method 


Consider the function f(x) = 7° — 2x — 2, for which the Newton—Raphson 
formula is 
22° +2 
Lnt+l 342 aca (n Q, —— ) 
(a) Calculate x; when 29 = 0.8165. What possible problem with the 
Newton—Raphson method does your calculation suggest? 


(b) Calculate x, and x2 when x) = 0. What possible problem with the 
Newton—Raphson method does your calculation suggest? 


Solutions are given on page 58. 


Comment 


Parts (a) and (b) indicate two circumstances under which the 
Newton—Raphson method may fail; that is, the sequence generated does 
not converge to a zero of the function f. Another such circumstance is 
illustrated in Figure 4.4. 


Figure 4.4 Newton—Raphson method failing to converge to a zero 


In this case, if 9 > a, then the sequence x, given by the Newton—Raphson 
method tends to infinity. 


Summary of Section 4 


This section has introduced: 


© the Newton—Raphson method for finding approximate solutions to 
equations of the form f(x) = 0, where f is a smooth function; 


© an explanation of why the Newton—Raphson method is often very 
effective; 


© some circumstances under which the Newton—Raphson method fails. 


You met this function in 
Activity 4.1. 
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You sketched the graph of 
this function in 


Activity 3.1(d). 


An approximate solution of 
the equation x — cosz = 0 
was found in Chapter B1, 
Exercise 1.3(a), by a different 
method. 
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Exercises for Section 4 


Exercise 4.1 


Consider the function f(x) = x° — 3a — 3. 
(a) Show that the equation f(x) = 0 has a solution in the interval (2, 3). 


(b) Show that for this function f the Newton—-Raphson formula in 
equation (4.1) can be expressed as 


20° +3 


etl ee a ee 12... .). 


(c) Use your calculator to find the first five terms of the sequence 7, when 
the initial term is x) = 2. (Use your calculator’s maximum accuracy. ) 


(d) Check that the final term calculated in part (c) is a good 
approximation to a solution of f(x) = 0. 


(e) Find a value of xo for which the Newton—Raphson method fails for this 
function f. 


Exercise 4.2 


Consider the function f(x) = x — cos7z. 


(a) Show that the equation f(x) = 0 has a solution in the interval (0, $77). 
(b) Show that for this function f the Newton—Raphson formula in 


equation (4.1) can be expressed as 


Ln Sin(n) + COS(Ln) 
Nitec ns. lia EO 
si 1+sin(z,) ( ) 
(c) Use your calculator to find the first five terms of the sequence 7, when 
the initial term is 2) = 0. (Use your calculator’s maximum accuracy.) 


(d) Check that the final term calculated in part (c) is a good 
approximation to a solution of f(x) = 0. 


(e) Find a value of x for which the Newton—Raphson method fails for this 
function f. 


5 Differentiation with the computer 


To study this section you will need access to your computer, together with 
the Mathcad files for this chapter and Computer Book C. 


In this section you will see that the computer can be used to find the 
derivative of any smooth function whose rule is entered. This means that, 
even where the function concerned is too complicated to permit 
differentiation ‘by hand’ with ease, an answer can be obtained from the 
computer. 


You will also see that the Newton—Raphson method can be implemented 
on the computer. Using the computer, you will be able to explore the 
Newton—Raphson method, finding situations in which it successfully solves 
equations and others where it fails. 


Refer to Computer Book C for work in this section. 


Summary of Section 5 


In this section you saw how the computer can be used to find derivatives, 
and also how it can be used to implement the Newton—Raphson method. 
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Summary of Chapter C1 


In this chapter you met the process of differentiation of a function f to 
find the derivative, which is the gradient of the tangent to the graph of f 
at a point on the graph. By means of various rules, the process of 
differentiation can be applied to a wide range of smooth functions. 


Differentiation can be used to help sketch the graphs of smooth functions 
and also to find approximate values for the zeros of such functions, by the 
Newton—Raphson method. 


Learning outcomes 


You have been working towards the following learning outcomes. 


Terms to know and use 


Calculus, gradient, tangent, differentiation, derivative, derived 
function, differentiable, smooth, power function, nth derivative, 

nth derived function, n-times-differentiable, even, odd, positive (or 
negative) on an interval, stationary point, local maximum, local 
minimum, asymptotic behaviour, dominant term, leading coefficient. 


Notation to know and use 


The various notations associated with derivatives: 
© fi(«), f(x), f(a), ... (function notation); 
dy d’y dy 

dx’ dx?’ dx?’ 
The notations for limits, as applied to the definition of the derivative: 


., and =( f(x)) (Leibniz notation). 


i. 
Otis = lim (feeeee") (function notation); 
© a lim oy (Leibniz notation). 


dx 6x0 062 


© Other notation: 7 — co. 


Mathematical skills 
© Use the limit definition to calculate derivatives in simple cases. 


© Differentiate any function that is expressed in terms of the basic 
functions using the Sum, Constant Multiple, Product, Quotient and 
Composite Rules. 


© Apply the Inverse Rule to differentiate a function that can be 
expressed as the inverse of another function. 


© 


Determine higher derivatives. 
© Apply the graph-sketching strategy. 
© Apply the Newton—Raphson method. 
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Mathcad skills 


© 


© 


Use Mathcad where appropriate to find derivatives (and higher 
derivatives) of complicated functions. 


Use Mathcad to experiment with the Newton—Raphson method. 


Ideas to be aware of 


© 


4 


That in finding derivatives from the definition, various rules for limits 
are assumed. 


That the derivative of the sine function can be deduced from 
geometric reasoning. 


That the rules for differentiation are proved by using the definition of 
the derivative together with appropriate rearrangements and reasoning. 


That the Newton—Raphson method is often very effective, but it does 
not always give a solution. 


a1 


Solutions to Activities 


Solution 1.1 Solution 1.2 
(a) We have (a) Here fio) = 2" wo Pewee. 
fie+ig= fis) St ( 1 1 (b) Since 
h ~ h\(@t+h)?2 2? 1 : 
1 (2? —(e@ +h)? =" 
= ( (x + h)?x? ) we have 
_ —2ah — h? fee ee ee 3 
~ Be + hPa tr dicitaanieahe 
—24—h 


= Solution 1.3 


(x + h)?a?’ 
as required. (a) Here f(x) =e”, so 


(b) By equation (1.2), we need to find the limit as h i=; (@=ean I a-—<—. 


tends to 0 of the quotient from part (a): (b) Here y = sinz, so 


—2xr—h —22 d d2 
fim OS Ree gorse. oY = epee = eee 
ho \ (a + h)*a af ee ae a 
= 2 
= x Solution 2.1 
») (a) Here k(x) = 32~* + 2Inz, so 
= = ke’ 3(—4)a-8 +2 (+ 
(c) By part (b) we have tal hs ig (- 
2 : ieee 
/ pra ee = a 
and (b) Here f(t) = 5e’ — cost, so 
Z 
fi'(-1) = que = 2. f'(t) = 5e’ — (—sint) 
= Se’ 4+ sint. 
The corresponding tangents at (2, >) and 
(—1,1), respectively, are sketched in Figure 5.1. Solution 2.2 


(a) In this case k(x) = f(x)g(x), where 
f(z) = x? —1 and g(x) = 2° + x + 2. Since 
f'(z) = 2x and g¢ (7) = 22 + 1, the Product Rule 
gives 
k! (x) = (2x)(a? +2 + 2) + (x* — 1)(2¢ +1) 
= (2x? + Qa? + 4x) + (22° + 2? — 2x — 1) 
= do? + 3x7 + Qa — 1. 
(b) In this case k(x) = f(ax)/g(x), where 
f(z) = 2? —1 and g(x) = 2° + 4+ 2. Since 
f'(z) = 2a and g’(x) = 2x + 1, the Quotient 


Rule gives 
vis = (2? + x + 2)(2x) — (a? — 1)(2a +1) 
= Cee ei 
ee (2x3 + 2x? + 4x) — (Qa% + x? — 2x - 1) 
= ee ees 
Figure S.1 a +6n +1 
— (22 +442)? 


J 


SOLUTIONS TO ACTIVITIES 


(c) Here f(x) = e* cosx, so by the Product Rule Solution 2.4 
d d (a) Since f(x) = (x*e”)sinz, we can apply the 
1 ee raed 
eee dx BE Ta dx ee Product Rule twice to obtain 
_ on ti gs | d d 
= e* cosx + e*(—sinz) fisi= a (x*e*) sina + (x*e”) — (sin 2) 


= e*(cosxz — sin Zz). 


wa 5 Co 4 
(d) Here g(t) = e’/cost, so by the Quotient Rule = (42°e” + we") sina + xe" cosa 


g(t) = cos t-£ (et) — e* (cost) = ae ((4+@)sinx + xc0s 2). 
cos? t (b) We apply the Quotient Rule and then the 
(cos t)e’ — e’(—sint) Product Rule: 
= (cos t)? ix) (1+ 27)4(rtanz) — (x tan x)-4 (1 + x?) 
xr) = oo ee. ae ee ee 
_ e'(cost + sint) | (1 + 2°) 
z cos? t | _ (1+ 27)(tan x + x sec? x) — (x tan x) (22) 
° oe L+ 2\2 
Solution 2.3 ae 
x(1+ 2x7) sec? x + (1—-27)tanz 
(a) We have = (+22) 
© Gani ee pa 
dx — dx \cosz 
Solution 2.5 


_ (cos x)(cosx) ~ (sinz)(— sin x) 
a (cos x)? (a) In this case k(x) = g(f(a)) = g(u), where 


cos? x + sin? x — g(u)=e" and u= f(x) =1/z. 
= cos? © Since 
eee? Sc g'(u) =e" and f'(x) =—1/2”, 
cos? x 
3 we have - 
== SCC. 2, 1 | Bi 
ee) etx (-=) =e)" x (-=) ee — 
as required. x i 9 z 
(b) We have (b) In this case k(x) = g(f(x)) = g(u), where 

d d /cosx (a= eee “ond: a = f(a) — Sr. 
—(cot zr) = — ( ) 
dx dg \ sing: ee 

Es (sin z)(— sin x) — (cos x) (cos x) pes tog mgs 

(sin xz)? 
‘ . we have 
_ sin Et COS” + i en : . 
7 sin? x k'(x) =(—sinu) x 3 = —3sin(3z). 
1 (c) Since f(x) = Vsinz = (sinz)!/?, we have 
=-— 5 
sci f'(x) = 4(sinz)""/? x cosz = a" 
= —COeec of, 2V sin x 


: (d) Here g(t) = In(—2t), so 
as required. 


is: We lage Ji (=) <(—2).= 7 


eo : 
Fh ? ~~ dx \cosx 


2 (cos x)(0) — 1(—sin x) 
(cos x)? 


sin x 


Cos? x 


es 1 sin x 
~~ \Leosz COS x 


= sec zr tan x, 


as required. 
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Solution 2.6 


(a) The rule f(x) = ze* involves a product and a 
composite, so we apply the Product Rule and 
then the Composite Rule: 

hf 3 
(") 


(a) 


: 2 
f'(x) = a Ie Ma 


2 2 
—]|xe’ +a(e x 2a) 


= (227 + ie 


The rule f(x) = sin(./x)/./z involves a quotient 
and a composite, so we apply the Quotient Rule 
and then the Composite Rule: 


(a)? 
93/2 , 


The rule f(x) = cos((a + 4) sec x) involves a 
composite and a product, so we apply the 
Composite Rule and then the Product Rule: 


f'(2) 


f'(x) = —sin((x + 4) sec 2) (0 + 4) sec x) 


= —sin((x + 4) sec z) 


dx 
= —sin((x + 4) sec x)(sec x + (a + 4) sec x tan 2) 


x (6 44) seca + (2 +4) (seca) 


= —secz(1+(2+4)tanz) sin((# + 4) sec 2). 


The rule f(x) = Vx? + 1 cos(2z) involves a 
product and a composite, so we apply the 
Product Rule and then the Composite Rule: 


f(z) = - ( fF 1) cos(2x”) + V2? + 1 (cos(22)) (b) 


1 (g? 4+ 1)~1/? (22) (cos(2x)) 
+ Vx? + 1(—-2sin(2z)) 


cos(2x) — 2\/ x? + 1sin(22). 


x 
nf ee ed 


o4 


Solution 2.7 


Since g is the inverse function of 
f(x) =cosx (x € [0,7]), its graph is as follows. 


y = giz) 
= AaLreccos & 


—1 0 1 7 
Figure 8.2 
dx 
If y = arccosz, then x = cosy, So 57 = —siny. 
Thus, by the Inverse Rule, 
dy dx 1 
dx dy —siny 


Since cos? y + sin? y = 1, we obtain 


siny = +1/1 —cos?y = V 1-2’, 
because siny > 0 for0 <y <7. Thus 


1 
(2) =U = -_, ior =—t< 9 <1. 


V1 — 2?’ 

(Note that the domain of g is the closed interval 
[—1, 1], as indicated in Figure S.2, whereas the 
domain of g’ is the open interval (—1,1).) 

Since g is the inverse function of 

f(z) = tana (a € (—57, $7)), its graph is as 
follows. 


Figure S.3 


d 
If y = arctan z, then x = tan y, so = sec? y: 
Y 
see Activity 2.3(a). Thus, by the Inverse Rule, 
d d 1 
ee 
dx dy sec? y 
Since sec? y = 1 + tan? y = 1 + x”, we obtain 
dy 1 
/ i Se 
GAB) dx 1+ 
(Note that R is the domain of g and g’.) 


Solution 2.8 

Leibniz notation is used in part (a) but not in 
part (b). 

(a) We can write 


f(x) =arcsin(u), where u=2’°, 


so, by the Chain Rule, 


= —., for —l<2z<l. 


V1 — 26" 
(b) By the Composite Rule, 
1 4 
if 
eae <" ~ Tae 


Thus, by the Composite Rule again (or the 
Quotient Rule), 


f'(ay=4 Gesiaa, x (322) 


2 - = eee 
— (1+ 16x?)2" 
Solution 2.9 
(a) Since f(x) = a* = e?™*, the Composite Rule 
gives 


feta ais 
= lea. 


To find (f—*)'(#), let y= f-1(x) =log, x so 
f= flg)= a. Since 


7 =/#'(y) = a ines 
as we have just seen, the Inverse Rule gives 
re 
dx dy a¥ina- -clna’ 
SO 
dy 1 


SOLUTIONS TO ACTIVITIES 


(b) From Table 2.1, 
d 1 
7, (in(az)) re for ax > 0. 


Thus, with a = 1, 

d 1 

7, (in(2)) =i for x > 0, 
and, with a = —1, 

d 1 

a, (ln(-2)) eee iar e <0. 
We deduce that 


Solution 3.1 


In each case your sketch should be fairly close to the 
accurate graph shown. 
4r+1 
Step 1: The denominator 3x — 5 is 0 when 
= 2, so the domain of f is R except for 2. 


Step 2: The function f is neither even nor odd. 


Step 3: The only x-intercept occurs when 
4@ 4-1) = 4); that-is, f= —i. The y-intercept is 


(0) = 2. 
Step 4: Here is a sign table for f(x). 


Thus f is positive on (2,00) and (—oo, —+), and 


negative on (—4, 2). 


Step 5: The derivative of f is 


(3a — 5)4 — (44 + 1)3 —23 


HOE. aeart | Go 


so f’(x) <0 for all x in the domain of f. Thus f 
is decreasing on (—oo, 2) and (2, 00). 
Step 6: Since the denominator is 0 when z is 2 


a 
the line x = 2 is a vertical asymptote. Also 


—4e41 441 fa 


oe 
4+ 0 
+ = fas rs $00. 


So the line y = 3 is a horizontal asymptote. 


To locate the curve in the interval (2, 00), we 


calculate f(3) = 2 = 34 and f(4) = 7 = 23. 
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Thus we can sketch the following graph. 


Figure S.4 
Bo 
fia} = ag 


Step 1: The domain of f is R except for +2, 
where rc” —4=0. 
Step 2: The function f is odd because 
i es BH 
f(-2) = So = =f) 


—7)?—A4 ge? —A 


Step 3: The only x-intercept occurs when 3x = 0; 


that is, c = 0. The y-intercept is f(0) = 0. 


Step 4: Here is a sign table for 


Thus f is positive on (—2,0) and (2,00), and 


, 2) and (0, 2). 
Step 5: The derivative of f is 
2 
ns .. eee 
Fj (x) <j (x? a 4)2 
oe* 412 
Pa 
so f’(x) <0 for all z in the domain. Thus f is 
decreasing on (—oo, —2), (—2, 2) and (2, oo). 


negative on (—oo 


06 


Step 6: Since the denominator is 0 when 2 is +2, 


the lines 7 = 2 and x = —2 are vertical 
asymptotes. Also 
3a ‘ o/x 
ie) a 
0 


=o. 


So the line y = 0 is a horizontal asymptote. 


To locate the curve in the interval (2,00), we 
again calculate f(3) = 2 = 12 and f(4) =1. To 
locate the curve in the interval (—oo, —2), we 
use the fact that f is odd. 


Thus we can sketch the following graph. 


Step 1: The domain of f is R except 0. 
Step 2: The function f is neither even nor odd. 


Step 3: Since e* # 0, for x € R, there are no 
x-intercepts, and since 0 is not in the domain, 
there is no y-intercept. 


Step 4: Here is a sign table for f(z). 


Thus f is positive on (0,00) and negative on 


(—oo, 0). 


Step 5: The derivative of f is 


ae pe* =e? eli bles). 


ri ; Das 
which has the following sign table. 


f'(z) 
Thus f is increasing on (1,00), and decreasing 
on (—oo,0) and (0,1). Also f has a stationary 
point at 1, which is a local minimum with value 
fis. 
Step 6: The line x = 0 is a vertical asymptote. 
Also 


f(z) > coasxz—oo (given) 


f(x) — 0as x — —oo (since e* > 0 as  — —ov). 


Thus y = 0 is an asymptote for the left-hand 
part of the graph. 


To locate the curve in the interval (—oo, 0), we 
calculate f(—1) ~ —0.37 and f(—2) ~ —0.07. 


Thus we can sketch the following graph. 


Figure S.6 


(d) f@y=e° — 32-3 
Step 1: The domain of f is R. 
Step 2: The function f is neither even nor odd. 


Step 3: The x-intercepts occur when f(x) = 0; 
that is, when 


f(z) =2° - 32 —3=0. 


SOLUTIONS TO ACTIVITIES 


This cubic equation cannot be solved easily, but 
note that f(2) = —1 <0 and f(3) = 15 > 0, so 
there is a zero of f between 2 and 3. 


The y-intercept is f(0) = —3. 


Step 4: The sign table for f is omitted, since we 
do not have accurate values for the zeros of f. 


Step 5: The derivative of f is 
f'(z) = 32° — 3 = 3(2? — 1) = 3(2 - 1)(2 + 1), 
which has the following sign table. | 


Thus f is increasing on (—oo, —1) and (1, 00), 
and decreasing on (—1,1). Also, f has the 
following stationary points: 


© x =-1, which is a local maximum with 
value f(—1) = —1; 


© «x =1, which is a local minimum with value 
f(1) = —5. 

Step 6: From Table 3.1, we know that 
f(x) -~ cas 2% — 

and 
f(x) — —co as © > —oo. 


Thus we can sketch the following graph. 


Figure S.7 


(A good approximate value for the x-intercept is 
found in Exercise 4.1.) 
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Solution 4.1 
(a) With 
f(z) = 2° — 2x - 2, 


we have f(1) = —3 <0 and f(2) =2>0. Thus 
the function f changes sign in the interval (1, 2), 
so it has a zero in that interval. 

(b) Since f’(x) = 3x? — 2, the Newton—-Raphson 
formula is 


nr 


3 


bey 


32 —2 
Ge (Stage) = 2) 
= 3x2 —2 
zi 323 — 22, — 23 + 2tn +2 
e: 3x2 —2 
223 +2 
= — el at ee 
302 — 2 eepeer re) 
(c) To maximum calculator accuracy: 
La = ‘x 
cy = tS, 


Lo = 1.769 948 187, 
£3 = 1.769 292 663, 
v4 = 1.769 292 354. 


(d) We obtain with a calculator 
f (xa) = 0 (to 8 d.p.). 
Thus x4 is indeed a good approximation to a 
solution of f(x) = 0. 
Solution 4.2 
If f(x) = x? —a, then f’(x) = 2z, so the 
Newton—Raphson formula is 
f'(Zn) 


Lnt1 = In — 


as required. 
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Solution 4.3 
(a) With rp = 0.8165 we have 
©, = 184398.554.... 


This large value occurs because 2 is close to the 
value x = \/2/3 = 0.816 496 580..., for which 
f'(x) = 3x7 — 2 =0. In general; the 
Newton—Raphson method fails to converge to a 
zero of a function f if we choose 7 to be a 
stationary point of f, or very close to such a 
point. 


(For this value of xp the sequence Xp, does tend 
to a zero of a function f, but it takes about 30 
iterations to arrive close to the zero.) 


(b) With zo = 0 we have x; = —1 and x2 = 0. Thus 
the sequence x, endlessly repeats the 
values 0, —1; that is, it converges to the 
2-cycle 0, —1. In general, the Newton—Raphson 
method fails to converge to a zero of a function 
f if it converges to a p-cycle, for p = 2. 


Solutions to Exercises 


Solution 1.1 
(a) We have, for h 4 0, 
f(x +h) — f(z) 


h 
_ ((e@ +h)? +2(¢ +h) — (@? + 22) 
Pl ee ee 
= eats 5 on 


h 
= 327 + 32h + h? 4+ 2, 


as required. 


(b) By equation (1.2), we need to find the limit as h 
tends to 0 of the quotient from part (a): 


lim (32° + 32h +h? +2) = 3x7 +2, 
SO 


f(g) = 32" + 2. 


Solution 1.2 
(a) Here g(t) = Int, so 


1 
g(t) = — and g(t) = ne 
(b) Heres = t", 30 
ds ae d? d's 
— = 3 = 6t, —- =6 and —~ =0. 
oe ee 


Solution 2.1 


(a) Here f(x) = 2lnz — 8arcsinz, so by the Sum 
and Constant Multiple Rules 


(b) Here f(x) = x* tanz, so by the Product Rule 
f'(x) = 3x? tanz + 2° sec? z. 
(c) Here g(t) = t*/cos(2t), so by the Quotient Rule 
_ cos(2t)(2t) — t?(—2 sin(2¢)) 


‘Uns cos? (2t) 
_ 2tcos(2t) + 2¢? sin(2t) 
= cos? (2t) 
Pa ’ 
= coe? (28) (cos(2t) + tsin(2t)) . 
(d) Here f(x) = sin(1/z), so by the Composite Rule 
f' (a) = cos(1/2)(—1/2%) = ~SS0/2) 


(e) Here f(x) = cos?(3z), so by the Composite Rule 


f'(e) = Fee) = * (cos(3)) 
= 2cos(3z) x (—3sin(3z)) 
= —6cos(3z) sin(3z). 

(f) Here g(y) = Ds) 


and Composite Rule 


, so by the Quotient Rule 


V (In(cos y)) — In(cos y) . (y) 


ye 
— ) (=siny) — In(cos y) 
— sin y) — In(co 
= 3 COS Y J SY 
ss 
_ _ ytany + In(cos y) 
y? : 
(g) Here k(t) = sin(t?) cost, so by the Product Rule 
and Composite Rule 


g (y) = 


ke tt) = sin(t”)) cost + sin(t?) < (cos t) 


= = 
= 2t cos(t”) cost — sintsin(t?). 


(h) Here f(x) = arctan(e* ), so by the Composite 
Rule, applied twice, 


(i) The function 
By) = Teme + 1) = teal? — 1) 


involves sums, constant multiples, a product and 
composites. Using the corresponding rules, we 
obtain 


h'(t) = 2cos(t + 1) 
— (1 x cos(t* — 1) + t (—sin(¢? — 1) x 2¢)) 
= 2coa(t + 1) — cos(t* — 1) + 2#* sin(t* — 1). 
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Solution 2.2 
(a) By the Quotient Rule, we have 


A eet = — 
dx ~ dx \sinz 


=z (sin x)(0) — 1(cos x) 
(sin x)? 


sin? x7 


= | ( COS x 
ae sin x sin 7 


= — cosec © COLT, 


as required. 


(b) By the Composite Rule, we have 


= (aresin (2) = =a « (7) 


1 
~ ay/1 — (a/a)? 
1 
ee ior —a <2 < @, 
as required. 
Solution 3.1 
oe 
(a) f(0) =. 
Step 1: The denominator x + 3 is 0 when 
x = —3, so the domain of f is R except for —3. 


Step 2: The function f is neither even nor odd. 


Step 3: The only x-intercept occurs when 
2—% = 0; that is, = 2. Tie y-usercet 
f(0) = 3. 

Step 4: Here is a sign table for f(z). 


Thus f is positive on (—3,2), and negative on 
(—oo, —3) and (2,00). 


Step 5: The derivative of f is 


(a) — @t3U-Y=- 2-21 __ = 


(x + 3)? - ees 


so f'(x) < 0 for all x in the domain of f. Thus f 
is decreasing on (—oo, —3) and (—3, 00). 


Step 6: Since the denominator is 0 when z is —3, 
the line x = —3 is a vertical asymptote. Also 


2~2 - 2fe-—1 
a eee 1+ 3/2 
1 


22g ee 


60 


So the line y = —1 is a horizontal asymptote. 


To locate the curve in the interval (—oo, —3), we 
calculate f(—4) = —6 and f(—5) = —4 = —33. 


Thus we can sketch the following graph. 


Figure S.8 

2 

IL 
Fo) = 245 


Step 1: The domain of f is R, since x? +5 #0. 


Step 2: The function f is even because 


ie (—x)? = a = re 
5 (—x)24+5 22+5 seh Ge. 


Step 3: The only x-intercept occurs when a =A 
that is, c = 0. The y-intercept is f(0) = 0. 


Step 4: Without constructing a sign table, we 
can say that f is positive on (0,00) and (—oo, 0). 


Step 5: The derivative of f is 


(a) = 2+ 5) 22) = (0) 2x) 
(x? + 5)? 
— ee 
(22 + 5)?" 
Without constructing a sign table, we can say 
that f’ is positive on (0,00) and negative on 
(—oo,0). Also, f has a stationary point at 0. 


Thus f is decreasing on (—oo,0) and increasing 
on (0,00). The stationary point at 0 is a local 
minimum with value f(0) = 0. 


Step 6: Since the denominator is never 0 there 
are no vertical asymptotes. Also 


x 1 
fe 
1 
> ae == ] G8 tT > OO: 
1+0 


So the line y = 1 is a horizontal asymptote. 


Thus we can sketch the following graph, in 
which unequal scales have been employed again. 


Figure S.9 


ert 


eh ee 


(c+1)? 


Step 1: The denominator (x + 1)? is 0 when 
x = —1, so the domain of f is R except for —1. 


Step 2: The function f is neither even nor odd. 


Step 3: Since e?* # 0, for x € R, there are no 
x-intercepts. The y-intercept is f(0) = 1. 


Step 4: Here is a sign table for f(z). 


Thus f is positive on (—1,00) and (—oo, —1). 
Step 5: The derivative of f is 
x + 1)*3e%" — e** x 2x41 
riz — ( ) ; ( ) 
(x +1) 
_ e°* (x + 1)(3(@ + 1) — 2) 
re (a.+-1)4 
_ e°* (3a + 1) 
eee 
which has the following sign table. 


at 5, and (—§, 
and decreasing on (—1,—4). Also, f has a 
stationary point at —3, which is a local 


minimum with value f(-3) aa Jeo! ee BOT a4 


Thus f is increasing on (—oo 00), 


Step 6: The line x = —1 is a vertical asymptote. 
Also, 


(given) 
(since e 


f(x) — owas 4% oO 


f(x) — 0 as x — —oo = 


— 0 as > —oo). 


SOLUTIONS TO EXERCISES 


To locate the curve in the interval (—co, —1), we 
calculate f(—1.1) ~ 3.69 and f(—1.4) ~ 0.09. 


Thus we can sketch the following graph. 


Figure S.10 
f(z) =2° — 4a 
Step 1: The domain of f is R. 
Step 2: The function f is odd because 
f(—a) = (—2)° — 4(-2) = -a° + 42 = — f(z). 


Step 3: The xz-intercepts occur when f(x) = 0; 
that is, when 


fie) = ec? — 4a = 2(z* = 4) = 0. 
Thus the x-intercepts are 0,2 and —2. 
The y-intercept is f(0) = 0. 


Step 4: Here is a sign table for 
f(a) = 2° = 42 = 2(z* — 4) = a(x — 2)(a + 2). 


Thus f is positive on (—2,0) and (2,00), and 
negative on (—oo, —2) and (0, 2). 


Step 5: The derivative of f is 
Vin) = Ie &4 


= 3(0? — 4) =3(2- 4) (c+ 4), 


which has the following sign table. 


CHAPTER C1 DIFFERENTIATION 


Thus f is increasing on (—oo, ag) and (c) To maximum calculator accuracy: 
(+, oo), and decreasing on ot a): Also, f ty ae 

has the following stationary points: v1, = 2.111111111 

© —.- which is a local maximum with value Lo = 2.103 835 979, 


2 =(~ = -aal=sRe 
Fs V3 V3" 33 t4 = 2.103 803 403. 


ice 
© Wet which is a local minimum with value 
(d) We obtain with a calculator 


fice) =). fot pb. 


7 ) Thus x4 is a good approximation to a solution of 
— anki 
z oo as x OO f = ‘ 


f (35) = (35)° — 4(3,) = — ag © — 3.08. 


Step 6: From Table 3.1, we know that 


and (ec) The Newton—Raphson method fails in this case 
if we choose Zo to be either of the stationary 


f(x) — —00 as Z > —oo. 
points of f, which are +1. 


Thus we can sketch the following graph. 
Solution 4.2 
(a) With 
fit) =2:> eee, 
we have f(0) = —1 <O and f($m) = 57> 0. 


Thus the function f changes sign in the interval 
(0, $77), so it has a zero in that interval. 


(b) Since f’(2) = 1+ sinz, the Newton—Raphson 
formula is 


En+l1 = Ln = fila ) 
nr 


In — COS(Ln) 


ne = sin(Zp) 
Figure Pe 1+ sin(Zn) 
_ Pasin(tn) + 006%) (919) 
Solution 4.1] a 1 + sin(2n) a en ee gs 2-8 Fe 
(a) With (c) To maximum calculator accuracy: 
f(x) = 2° — 32 — 3, fa =U, 


Ty, = 1, 


we have f(2) = —1 <0 and f(3) = 15> 0. Thus 
£2 = 0.750 363 868, 


the function f changes sign in the interval (2, 3), 


so it has a zero in that interval. 3 = 0.739 112 891, 
(b) Since f’(x) = 3x? — 3, the Newton—Raphson v4 = 0.739 085 133. 
formula is (d) We obtain with a calculator 
Ln 
In+1 = In — i f (x4) =0 (to 9 d.p.). 
Thus x4 is a good approximation to a solution of 
> — 3%, —3 f(z) =©& 
ie ee 
is (ec) The Newton—Raphson method fails in this case 
Ln (322 - a) - ae a 3) if we choose Xp to be a stationary point of f, 
aa naacaiaeenias ah A aah Sean ai that is, a solution of the equation 
5 eral 
/ = : ses 
293 +3 — f(x) =1+sm2= 9, 
 3a2 —3 (n = 0,1,2,...). such as —$7. 
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